We report results on a lattice calculation of the heavy-light meson decay constant employing the non-relativistic QCD approach for heavy quark and Wilson action for light quark. Simulations are carried out at β = 6.0 on a 16 3 × 48 lattice. Signal to noise ratio for the ground state is significantly improved compared to simulations in the static approximation, enabling us to extract the decay constant reliably. We compute the heavy-light decay constant for several values of heavy quark mass and estimate the magnitude of the deviation from the heavy mass scaling law f P √ m P = const. 
Introduction
Computation of electro-weak transition matrix elements of hadrons is one of the most important goals of numerical simulations of Lattice QCD. In particular the decay constant of heavy-light mesons which consist of one heavy quark (Q) and one light anti-quark (q) has great phenomenological and theoretical interest in that finding its value represents a crucial step to extract the Cabibbo-Kobayashi-Maskawa matrix elements from experiment.
For heavy-light mesons such as B and D the method of heavy quark effective theory [1] is applicable. In the static limit in which the heavy quark field is replaced by its infinite mass limit, implementation of the heavy quark effective theory on the lattice is straightforward and was first proposed by Eichten [2] and by Lepage and Thacker [3] .
The initial attempt to simulate heavy-light systems in the static limit was made by Boucaud et al. [5] . They found that the signal of the heavylight meson correlation function is extremely noisy, which made it impossible to identify a plateau in the effective mass corresponding to the ground state meson. In order to avoid this problem several groups [6, 7, 8, 9] applied the "smeared" source technique, with which the signal for the ground state is expected to be enhanced. These groups reported large values of f B in a range f static B = 300-500 MeV. However, it was pointed out by two groups [10, 11] that the extracted values of f B strongly correlate with the size of regions over which the source of the heavy-light meson is smeared. This systematic effect casts doubt on the reliability of the results from the static approximation. It is most likely that one has failed to identify the correct ground state when one used arbitrarily chosen smeared sources.
The reason why large statistical fluctuations occur when one applies the static approximation has been explained by Lepage[12] with a very simple way of estimating the statistical noise of the hadron correlation functions.
He pointed out at the same time that the use of heavy quark effective theory including the kinetic term should decrease the statistical noise in correlation functions. Taking into account the kinetic and other 1/m Q < terms where m Q is the heavy quark mass is also necessary to estimate the size of 1/m Q corrections in physical quantities. This in fact is very important to extract physical predictions for the B meson decay constant.
The heavy quark effective theory including 1/m Q terms is called nonrelativistic QCD. In this paper we report results of a lattice calculation of the heavy-light decay constant using non-relativistic QCD for heavy quark and Wilson action for light quark. Our simulations are carried out in the quenched approximation on a 16 3 ×48 lattice at β = 6/g 2 = 6.0. We examine to what extent the inclusion of 1/m Q terms improve signals for the ground state over those in the static limit, and check the independence of results for the decay constant on the smearing size. Employing a set of heavy quark masses in the range m Q a = 10 − 2.5, we examine the magnitude of deviation from the heavy quark scaling law f P √ m P =constant. Combining the results of this analysis with an estimate of the renormalization factors including tadpole improvement [14] , we extract physical prediction for the B meson decay constant.
This paper is organized as follows. In sect. 2 we briefly review the formulation of non-relativistic lattice QCD. In sect. 3 we describe details of our simulations and present our results for the signal to noise ratio and the heavy-light decay constant. In sect. 4 we discuss perturbative determination of renormalization factors, and present our results for the physical value of the B meson decay constant. Our conclusions are given in Sec. 5.
Non-relativistic Lattice QCD
The general form of the Lagrangian of heavy quark effective theory is given as a power series in the inverse heavy quark mass m
The first two terms are given by
where Q(x) is a two component heavy quark field, D µ the color SU(3) covariant derivative, and B denotes the chromomagnetic field. The leading order term L 0 represents the infinite mass or the static limit. The next to leading order term L 1 consists of the non-relativistic kinetic energy and the Pauli spin-magnetic interaction for heavy quark. For studies of heavy-heavy systems (Ψ's and Υ's) a power counting rule in terms of the heavy quark velocity instead of the inverse heavy quark mass is applicable [14] . Since the spin-magnetic interaction term gives higher order effects in the heavy quark velocity, one can omit this term. We are, however, interested in the heavylight system for which the heavy quark velocity is not a good expansion parameter. One therefore must properly include the spin-magnetic interaction term, and we treat the heavy quark effective lagrangian including all 1/m Q terms. The lattice action we use for simulations is given by
where
The lattice spacing is denoted by a and the gauge covariant difference operator ∆ µ is defined by
where U µ (x) is the lattice gauge link variable. The action with n ≥ 2 represents a modification in order to stabilize high frequency modes for m Q < 3/n [13] . The spin-(chromo)magnetic interaction term is included for keeping consistency of the 1/m Q expansion even though it is not expected to give much effect on the pseudo-scalar decay constant. The usual clover-leaf definition is employed for the chromo-magnetic field operator B. For the coupling of the spin-magnetic interaction term we use the tree level value
c=1.
The 4-component Dirac field of the heavy quark is expressed in terms of
We omit the lower components for heavy quark for simplicity and define bilinear operators composed of the heavy and light quarks as
For instance the lattice axial vector current is given by
The heavy quark propagator is obtained solving the evolution equation
where Φ(x) is the source function of the heavy quark. Computation of this deterministic evolution equation is much faster than solving the inverse of the Wilson quark operator. GeV consistently for both m ρ and f π where we used Z A = 0.86 [16] .
Signal to Noise Ratio
For each heavy and light quark masses we have measured the local-local correlation function
where A 4 (x) is the heavy-light axial vector current given in eq. (10) . For large enough times this correlation function is dominated by the ground state, i.e. the heavy-light meson of lowest mass,
where E is the binding energy for the ground state.
In Fig.1 we plot the effective binding energy defined by
for m Q =1000 (open circles) and 5.0 (filled circles). It is clear that the signal is far better for m Q =5.0 for which we find a clear plateau at t ≥ 12. It is well known that the signal for the correlation function in the static limit is very noisy, which we also observe here for m Q = 1000. The improvement of ground state signals for large but finite values of m Q can be qualitatively understood from the estimate of the relative error [12] ,
where E(Qq) and E(QQ) are the binding energies of heavy-light and heavyheavy mesons respectively. Values of binding energies for K = 0.1530 are listed in Table 2 . For finite m Q the negative contribution from E(QQ) significantly reduces the value of the exponential slope from that in the static limit where E(QQ) = 0, leading to a much milder growth of the relative error. We found that our data for δC(t)/C(t) are quantitatively consistent with the above estimate. In Fig.2 we show typical examples of the relative error δC(t)/C(t) where solid lines indicate the slope expected from the measured values of the binding energies and m π according to (15) . Fitting δC(t)/C(t) with the exponential function exp (αt) we compare the results for α with the estimate from the binding energies in Table 2 . We observe quantitative agreement between α and E(Qq) −
except for a few cases.
Smearing
In ref. [10] we reported a disappointing fact that the measured values of the heavy-light decay constant in the static limit actually depend on the choice of smearing of the axial vector current. Here we study if this problem is avoided in non-relativistic QCD. We use the cube smearing as a typical choice of the smearing function and examine the dependence of the decay constant on the size of the cube. The smeared current is defined as
where the sum is over points contained in a cube of a size n 3 centered at x.
We employ the Coulomb gauge fixing instead of inserting gauge links between the heavy and light quark fields. We compute the local-smeared (LS) and smeared-smeared (SS) correlation functions defined by
for the sizes of smearing 3 3 , 5 3 , 7 3 and 9 3 . Fitting these correlation functions as
for large enough t regions, we calculate the heavy-light decay constant using
where Z A is the renormalization factor of the lattice axial vector current.
In (Fig.3(b) ), on the other hand, it is impossible to identify a plateau.
In Fig.4 we plot the values of f P √ m P /Z A extracted from fits of the correlation functions over 4 time slices t min ≤ t ≤ t max = t min + 4 for various smearing sizes. For each group of data points t min is taken to be t min =6, 8, 10 and 12 from left to right. At m Q =5.0 (Fig.4(a) ) we observe that the estimates converge to the same value after t min ∼ 10 for all the smearing sizes including the case of no smearing (denoted by 1 3 in Fig.4(a) ). This gives us confidence that the asymptotic region where the ground state dominates the correlation function is reached at t ≈ 10-12. Furthermore it is interesting to notice that the magnitude of errors are similar for various smearing sizes including the case of no smearing. This indicates that the smearing technique does not improve statistics for this case.
At m Q =1000 (Fig.4(b) ) the situation is quite different. Here only results for t min =6 and 8 are available because of rapid growth of noise at t > 10. For these fitting intervals the data still depend on the size of smearing, showing that the asymptotic region is not yet reached. It is essential for calculations in the static limit to use some method which enhance ground state signals in the region t < 10. We do not use the data at m Q =1000 in the following analysis.
Decay Constant
Because the results for the decay constant for m Q ≤ 10.0 do not depend on the smearing size for t min ≥ 10, we choose the cube smearing of size 5 3 and extract f P √ m P /Z A from a global fit over the interval 10 ≤ t ≤ 20. Other choices give similar results.
In Table 3 we summarize our results for the binding energy E and the decay constant f P √ m P /Z A at each value of the hopping parameter of light quark K and the heavy quark mass m Q . Errors are estimated by the single elimination jackknife procedure. We observe that the two actions with n = 1 and 2 yield consistent values for f P √ m P /Z A for m Q = 4.0 and 5.0 where both actions are employed. For each m Q we extrapolate the results at three values of K linearly in 1/K to 1/K c (see Fig.5 ), the results of which are also given in Table 3 .
Extracting Physical Value of f B
In order to estimate the physical value of the B meson decay constant f B we have to determine the heavy quark mass m Q corresponding to the b quark and the renormalization factor of the axial vector current Z A . A complete oneloop perturbative calculation necessary for this purpose is not yet available for our non-relativistic QCD action (4) 
Improved Perturbation Theory for Non-relativistic QCD
To one-loop order the inverse heavy quark propagator ∆ Q can be written in the form,
where A, B and C are numerical constants. We define the mass renormalizaion factor Z m , the energy shift E 0 and the wave function renormalization factor Z Q by
We then obtain
For these quantities the mean-field improved [23] expressions are given by
where u 0 is a mean-field value of the lattice link variable U µ (x). As a definition of u 0 we take the simplest choice u 0 = Tadpole-improved one-loop results for the renormalization factors are obtained by combining (25) and (24) after removing one-loop terms of the mean-field expressions (25) from A, B and C. This gives
whereÃ, (A + B), (C − A) are again numerical constants defined bỹ
In Table 4 we summarize numerical values of these quantities for some typical values of m Q where we use the values obtained by Davies and Thacker for the numerical coefficients A, B and C. Smallness of the 'tilde' quantities compared with the original values demonstrates that the tadpole improvement works well for these quantities.
The values of E 0 , Z m and Z Q are also tabulated in Table 4 . For the coupling constant g 2 we take g 2 V (π/a) = 1.96 at β = 6.0 [23] . In principle it is more desirable to use g 2 V (q * ) with a properly determined scale q * as proposed in [23] . Morningstar has calculated this scale q * for a more complicated nonrelativistic QCD action [24] and obtained q * =0.67a −1 for Z m and 0.81a 
b Quark Mass
The heavy-light meson mass is given by
In value is consistent with the estimate given by Davies and Thacker using Υ spectroscopy [25] . In the following analysis of the B meson decay constant we use m Q = 1.8 for the b quark mass.
Axial vector current renormalization factor Z A
The renormalization factor Z A for the axial vector current can be written as
Here Z cont A is the renormalization constant for the continuum axial vector current renormalized with the MS scheme [26] given by
where we use m cont Q = Z m m Q as the heavy quark mass. We ignore infra-red divergent logarithms since it cancels with the lattice counterpart. The lattice renormalization factor Z latt A can be written as
where Z Q is the wave function renormalization factor for the heavy quark discussed in Sec. 4.1. For the Wilson light quark our field normalization includes the conventional factor √ 2K c . The tadpole-improved one-loop result for the wave function renormalization factor Z q is then given by [23] 
Finally the vertex correction V latt is not affected by the tadpole improvement.
We use the value given in ref. [22] for the spinless non-relativistic QCD action (c=0) since theirs is the only result available for this quantity at present. Combining these quantities we obtain the final expression,
whereD is a numerical constant.
In Table 5 30)). We also observe that the expansion coefficient D is still large after the tadpole improvement, suggesting the possibility that higher order coefficients may not be small [4] . The main contribution to the large coefficient is the vertex correction V latt which is unmodified by the tadpole improvement. This is a general feature for renormalization constants of bilinear operators of light-light, heavy-light and heavy-heavy quarks. The large one-loop coefficient increases the magnitude of uncertainties coming from the choice of the scale q * in the coupling constant g 2 V (q * ). In the static limit, the optimal value of q * is estimated [27] as q * = 2.18/a for which 
Decay Constant
Our results for f P √ m P /Z A after extrapolation to K = K c for light quark are plotted as a function of 1/m Q in Fig.7 (see Table 3 for numerical values). We observe in Fig. 7 a clear deviation from the scaling law of the heavylight decay constant in the heavy mass limit given by
In order to evaluate the magnitude of the deviation we fit the data with the form
In order to estimate systematic uncertainties in the fit due to a slight curvature in the 1/m Q dependence of f P √ m P /Z A , we list in Table 6 Table 6 are estimated by a single elimination jackknife procedure. For the decay constant in the static limit (f P √ m P /Z A ) static all four choices yield values consistent within 10-15%. As a representative value we quote the result for the choice (a);
The extrapolated value (36) is compared with the results of other groups obtained at β = 6.0 using the static heavy quark propagator in Table 7 . The results are consistent in view of the systematic uncertainties in the static results depending on the detail of smearing. Using the value (36) for (f P √ m P /Z A ) static we obtain the heavy-light decay constant in the static limit,
where the first error is statistical and the second one is systematic reflecting variation of central values among the four selection of data points in Table 6 .
For the renormalization factor of the axial current Z A which diverges in this limit we use the value evaluated at the b-quark mass as a normalization as usual. For the B meson decay constant evaluated in the static limit this yields
In order to obtain the B meson decay constant including 1/m Q corrections we extrapolate the fit (35) to the b quark mass of m Q =1.8 as was discussed in Sec.4.2, employing the single elimination jackknife procedure for estimating the statistical error of the extrapolated value. The result shows a sizable variation depending on the selection of data points. We quote the value for the fitting choice (d) in Table 6 employing data for 5.0 ≥ m Q ≥ 2.5, which are close to the extrapolated point m Q = 1.8 and hence should be more reliable;
MeV.
where the first error is statistical and the second one is systematic showing the uncertainty originating from the choice of data points for the fitting. It should be remembered that a systematic uncertainty also exists in the determination of Z A and a −1 .
The UKQCD collaboration [28] recently reported a preliminary non-relativistic QCD result for f B obtained in a simulation carried out at m Q = 1.7 on a It is also interesting to compare our results with the results obtained using propagating quark for the heavy quark. Two groups have reported the results of f P √ m P obtained using the propagating quarks at β =6.0. In Fig.8 we plot the quantity
as a function of 1/m P . The normalization factor (α s (m P )/α s (m B )) 2/11 is introduced in order to absorb the logarithmistic divergence of f P √ m P at
(eq.(30)). As a coupling constant we use α V with Λ V =0.169 at β=6.0. Open squares and tringles are for results of the PSI-Wuppertal collaboration [29] using the Wilson action with the standard normalization √ 2K (triangles) and with the improved normalization 1 − 3K/4K c (squares). Open circles and diamonds are for results of the UKQCD collaboration [20] using the O(a)-improved (clover) fermion action. Closed symbols are for results of this work. We can see that our results are consistent with the results of the clover action in view of the 1/m P dependence of F P . For the Wilson action there is a source of large systematic uncertainty in the choice of the normalization for this heavy mass region and our results are not seen to be consistent with both of these choices.
Conclusions
In this article we have reported on a calculation of the heavy-light decay constant using non-relativistic lattice QCD. We found that ground state signals in the correlator is significantly improved compared to those in the static limit, and that the degree of improvement of signal to noise ratio is in a quantitative agreement with the estimate of Lepage in terms of binding energies. As a result we could extract properties of the ground state reliably.
In particular an apparent dependence of the decay constant on the size of smearing for source, which affected previous attempts in the static limit, is absent.
Our result for the B meson decay constant shows that the 1/m Q correction to the static limit is quite significant even for the b quark. This points toward the necessity of a more complete calculation to order 1/m Q than was attempted here, and eventually a calculation including 1/m 2 Q terms, for a precise determination of the B meson decay constant. The improvements of the present work needed to order 1/m Q are the inclusion of 1/m Q terms in the axial vector current and one-loop calculation of renormalization factors including the spin-magnetic interaction. It is also desirable to estimate twoloop vertex corrections in view of the large one-loop coefficient. We leave these problems for future investigations. 
